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NO DIALGEBRA HAS GELFAND-KIRILLOV DIMENSION STRICTLY
BETWEEN 1 AND 2‡
ZERUI ZHANG∗, YUQUN CHEN♯, AND BING YU†
Abstract. The Gelfand-Kirillov dimension measures the asymptotic growth rate of
algebras. For every associative dialgebra D, the quotient AD := D/Id(S), where Id(S)
is the ideal of D generated by the set S := {x ⊢ y − x ⊣ y | x, y ∈ D}, is called the
associative algebra associated to D. Here we show that the Gelfand-Kirillov dimension
of D is bounded above by twice the Gelfand-Kirillov dimension of AD. Moreover, we prove
that no associative dialgebra has Gelfand-Kirillov dimension strictly between 1 and 2.
1. Introduction
The Gelfand-Kirillov dimension has become one of the important tools in the study of
algebras. There are many well known results on Gelfand-Kirillov dimensions of associative
algebras and modules [3]. For instance, the Gelfand-Kirillov dimension of a finitely
generated commutative algebra A over a field is the classical Krull dimension of A [3,
Theorem 4.5]. In particular, the Gelfand-Kirillov dimension of the free commutative algebra
generated by n elements is exactly n, where n is a positive integer. Here we shall investigate
the Gelfand-Kirillov dimensions of associative dialgebras.
Recall that an associative dialgebra (dialgebra for short) (D,⊢,⊣) over a field k is a k-
vector space equipped with two bilinear operations ⊢: D ⊗ D → D and ⊣ : D ⊗ D → D
such that (D,⊢) and (D,⊣) are associative algebras and the following identities hold:
(1.1)


x ⊣ (y ⊢ z) = x ⊣ (y ⊣ z),
(x ⊣ y) ⊢ z = (x ⊢ y) ⊢ z,
x ⊢ (y ⊣ z) = (x ⊢ y) ⊣ z,
for all x, y and z in D. For instance, let (A, ∂) be a differential associative algebra
satisfying ∂2 = 0, and define x ⊢ y = ∂(x)y and x ⊣ y = x∂(y). Then (A,⊢,⊣) becomes a
dialgebra [4].
LetD be a dialgebra and letAD = D/Id(S), where Id(S) is the ideal of D generated by the
set S := {x ⊢ y − x ⊣ y | x, y ∈ D}. Then AD is an associative algebra, which is called the
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associative algebra associated to D. We find that the Gelfand-Kirillov dimension GKdim(D)
of D and the Gelfand-Kirillov dimension GKdim(AD) of AD have the following relation:
Theorem A. Let D be a dialgebra and let AD be the associative algebra associated to D.
Then we have
GKdim(AD) ≤ GKdim(D) ≤ 2GKdim(AD).
In particular, the inequality GKdim(D) <∞ holds if and only if GKdim(AD) <∞ holds.
For every associative algebra (A, ·), we define x ⊢ y = x ⊣ y = x · y for all x, y in A.
Then it is clear that (A,⊢,⊣) becomes a dialgebra. It is well-known that for every real
number r ≥ 2, there exists an associative algebra A satisfying GKdim(A) = r, so for every
real number r ≥ 2, there exists a dialgebra D satisfying GKdim(D) = r. Bergman [1]
proved that there is no associative algebra having Gelfand-Kirillov dimension in the open
interval (1, 2). C. Martinez and E. Zelmanov [5] proved an analogous theorem for Jordan
algebras. However, for Lie algebras and for Jordan superalgebras, the situations are quite
different: the Gelfand–Kirillov dimension of a finitely generated Lie algebra [6] or of a
Jordan superalgebra [7] can be an arbitrary number in {0}∪[1,∞]. This leaves the following
problem open: Does there exist a dialgebra of Gelfand-Kirillov dimension in the open
interval (1, 2)? Based on Bergman’s result, we prove the following result:
Theorem B. No dialgebra has Gelfand-Kirillov dimension strictly between 1 and 2.
Although Theorem B is based on the corresponding result of Bergman, the extension is
not obvious because really different techniques are needed here, among which constructing
connected linear bases for D and AD simultaneously plays an important role. In general,
assuming GKdim(AD) = 1 does not imply GKdim(D) = 1. We shall provide a sufficient
condition in Lemma 3.11 ensuring GKdim(D) = GKdim(AD). Moreover, we shall show
that, for GKdim(AD) = 1, the sufficient condition is satisfied.
The paper is organized as follows. In Section 2, we recall some basic properties
of a dialgebra and the definition of the Gelfand-Kirillov dimension. We then provide
a formula, involving the generators of a dialgebra, for calculating the Gelfand-Kirillov
dimension (Lemma 2.4). In Section 3, we introduce how to construct a shortest-middle-
lexicographic (linear) basis of a dialgebra (Definition 3.3). Such (linear) bases turn out to
be very useful in connecting the Gelfand-Kirillov dimension of a dialgebra and that of its
associated associative algebra, and they play important roles in the proofs of Theorem A
and Theorem B. Finally, to prove Theorem B, we also need to investigate the middle entries
(Definition 2.1) of monomials in the constructed shortest-middle-lexicographic (linear)
bases.
2. The Gelfand-Kirillov dimension of a dialgebra
Our aim in this section is to recall the notion of the Gelfand-Kirillov dimension of a
dialgebra. We shall first recall some basic notations and properties of a dialgebra. Then
we shall introduce several formulas for the Gelfand-Kirillov dimension of a dialgebra.
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Recall that for every dialgebra D, for all x1, ..., xt in D, every parenthesizing of
x1 ⊢ · · · ⊢ xm ⊣ · · · ⊣ xt
gives the same element in D [4], which we denote by [x1...xt]m or x1 ⊢ · · · ⊢ xm ⊣ · · · ⊣ xt.
The following definition of middle submonomials of a monomial resembles that of subwords
of a word.
Definition 2.1. [4] For all x1, ..., xt in D, the element xm in the monomoial [x1...xt]m is
called the middle entry of [x1...xt]m, and every monomial [xp...xq]m−p+1 satisfying 1 ≤ p ≤
m ≤ q ≤ t is called a middle submonomial of [x1...xt]m.
The following formulas for calculating the product of two monomials in a dialgebra will
be very useful in the sequel. Roughly speaking, the middle entry of the product of two
monomials is the middle entry that the operation ⊢ or ⊣ points to. More precisely, we have
the following lemma:
Lemma 2.2. [4] For all integers m,n, p, q such that 1 ≤ p ≤ n < m and 1 ≤ q ≤ m− n,
for all x1, ..., xm in a dialgebra D, we have the following formulas:
(i) [x1...xn]p ⊢ [xn+1...xm]q = [x1...xm]n+q.
(ii) [x1...xn]p ⊣ [xn+1...xm]q = [x1...xm]p.
Before introducing a general definition of the Gelfand-Kirillov dimension of a dialgebra D
over a field k, we have to introduce some more notations. Let V, V1 and V2 be vector
subspaces of D. We first define
V1 ⊢ V2 = spank{x ⊢ y | x ∈ V1, y ∈ V2} and V1 ⊣ V2 = spank{x ⊣ y | x ∈ V1, y ∈ V2}.
Then we define V 1 = V and V n =
∑
1≤i≤n−1(V
i ⊢ V n−i + V i ⊣ V n−i) for every integer
number n ≥ 2. Finally, we define
V ≤n := V 1 + V 2+ ··· +V n.
By Lemma 2.2, we easily obtain
V n = spank{[x1...xn]p | 1 ≤ p ≤ n, where n, p ∈ N and x1, ..., xn ∈ V }
and
V ≤n = spank{[x1...xm]p | 1 ≤ p ≤ m ≤ n, where p,m, n ∈ N and x1, ..., xm ∈ V }.
Now we are ready to introduce the Gelfand-Kirillov dimension of a dialgebra.
Definition 2.3. Let D be a dialgebra over a field k, the Gelfand-Kirillov dimension of a
dialgebra D is defined to be
GKdim(D) = sup
V
lim
n→∞
logn dim(V
≤n),
where the supremum is taken over all finite dimensional subspaces V of D.
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For instance, let D be the free dialgebra generated by a letter a. Then it is easy to see
that {[a1...an]p | a1 =···= an = a, 1 ≤ p ≤ n, and p, n ∈ N} is a linear basis of D. So by
direct calculation, we obtain GKdim(D) = 2.
By Definition 2.3, if D′ is a subalgebra of D or a homomorphic image of D, then we
have GKdim(D′) ≤ GKdim(D). And since we often consider generating sets of a dialgebra,
we shall also use the following formula for calculating the Gelfand-Kirillov dimension in
the sequel.
Lemma 2.4. Let D be a dialgebra generated by a set X. Then we have
(2.1) GKdim(D) = sup
X′⊆X
lim
n→∞
logn dim((kX
′)≤n),
where the supremum is taken over all finite nonempty subsets X ′ of X, and kX ′ is the
vector subspace of D spanned by X ′.
Proof. Let V be a finite dimensional subspace of D. Then for some finite subsetX ′ ofX and
for some integer number m, we have V ⊆ (kX ′)≤m and V ≤n ⊆ ((kX ′)≤m)≤n ⊆ (kX ′)≤mn
for every integer number n ≥ 1. Consequently, we deduce
lim
n→∞
logn dim(V
≤n) ≤ lim
n→∞
logn dim((kX
′)≤mn)
t=mn
= lim
t→∞
logt dim((kX
′)≤t)
logt(t/m)
= lim
t→∞
logt dim((kX
′)≤t) ≤ sup
X′⊆X
lim
t→∞
logt dim((kX
′)≤t)
and
GKdim(D) = sup
V
lim
n→∞
logn dim(V
≤n) ≤ sup
X′⊆X
lim
t→∞
logt dim((kX
′)≤t).
On the other hand, for every finite subset X ′ of X, the subspace kX ′ is a finite dimensional
subspace of D. By Definition 2.3, the lemma follows. 
As a consequence, when one applies Equation (2.1) to calculate the Gelfand-Kirillov
dimension of a dialgebra D, it is independent of the choices of the sets of generators of D.
In particular, when D is finitely generated, Equation (2.1) becomes easier:
Corollary 2.5. Let D be a dialgebra generated by a finite set X. Then we have
GKdim(D) = lim
n→∞
logn dim((kX)
≤n).
In particular, for every dialgebra D, we have GKdim(D) = supD′ GKdim(D
′), where the
supremum is taken over all finitely generated subalgebras D′ of D.
3. No dialgebra has Gelfand-Kirillov dimension in the open interval (1, 2)
Our aim in this section is to prove our main results on Gelfand-Kirillov dimensions of
dialgebras. We shall prove the inequality GKdim(AD) ≤ GKdim(D) ≤ 2GKdim(AD) and
construct dialgebras such that GKdim(AD) = GKdim(D) or GKdim(D) = 2GKdim(AD).
Finally, we shall conclude the paper with Theorem B.
We first recall the linear basis of a free dialgebra generated by an arbitrary well-ordered
set X constructed by Loday [4]. Let (X,<) be a fixed well-ordered set. Then we use X+ for
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the free semigroup generated by X. For every u = a1...an in X
+, where a1, ..., an lie in X,
we define the length ℓ(u) of u to be n. Finally, let D(X) be the free dialgebra generated
by X. Then the following set
[X+]ω := {[a1...an]m | a1, ..., an ∈ X,m,n ∈ N, 1 ≤ m ≤ n}
forms a linear basis of D(X) [4]. For a nonempty sequence u = a1...an over X, we shall also
use the notation [u]m for [a1...an]m, and we call [a1...an]m a disequence over X. Obviously,
two disequences [a1...an]m and [b1...bp]q are the same only if n = p, m = q and ai = bi for
every i ≤ n. Finally, for a subset Y of [X+]ω, we define |Y | to be cardinality of the set Y .
Now we recall a well-ordering on [X+]ω introduced in [2]. Here we use a slightly different
name for the ordering to make it easy to remember how we compare two monomials.
Definition 3.1. [2] We recall that the length-middle-lexicographic ordering < on [X+]ω is
defined as follows: For all [u]p = [a1...an]p and [v]q = [b1...bm]q in [X
+]ω such that a1, ..., an
and b1, ..., bm lie in X, we define
[u]p < [v]q if (ℓ(u), p, a1, ..., an) < (ℓ(v), q, b1, ..., bm) lexicographically.
For instance, for all a1, ..., a4 in X such that a1 <···< a4, we have [a4a3a2]1 < [a1a3a2]2
and [a1a2a3a4]1 > [a1a2a4]2. Note that the above ordering is not compatible with the
products in general. For instance, we have [a1a2]2 > [a2a1]1 and [a1a2]2 ⊢ a3 < [a2a1]1 ⊢ a3.
However, the length-middle-lexicographic ordering still has some good properties as
follows:
Lemma 3.2. Let [u1]m1 , [u2]m2 and [u3]m3 be monomials in [X
+]ω with [u1]m1 < [u2]m2 .
Then we have [u3]m3 ⊢ [u1]m1 < [u3]m3 ⊢ [u2]m2 and [u1]m1 ⊣ [u3]m3 < [u2]m2 ⊣ [u3]m3 ; if,
in addition, m2 = 1, then we also have
[u3]m3 ⊣ [u1]m1 < [u3]m3 ⊣ [u2]m2 and [u1]m1 ⊢ [u3]m3 < [u2]m2 ⊢ [u3]m3 .
Proof. Note that [u1]m1 < [u2]1 implies (ℓ(u1),m1) ≤ (ℓ(u2), 1). Moreover, if ℓ(u1) = ℓ(u2),
then we obtain m1 = 1. The remain of the proof is straightforward. 
LetD be a dialgebra generated by a well-ordered setX. Then [X+]ω is a linear generating
set of D. Moreover, there is no harm to assume that AD is also generated by X and [X
+]ω
is also a linear generating set of AD. To avoid possible confusions, whenever we write down
a linear combination f of elements in [X+]ω, we shall declare f in D or AD. In this way,
we are able to use the same notation for an element in D or in AD.
We are now ready to introduce a general way of constructing a subset BD of [X
+]ω for
a dialgebra D with respect to a generating set X, and we shall see in Lemma 3.4 that BD
turns out to be a linear basis of D. By convention, we shall assume that the empty set is
a linear basis of the trivial vector space {0}.
Definition 3.3. Let D be a dialgebra generated by a well-ordered set X. We call
(3.1)
BD := {[u]p ∈ [X
+]ω | for all integer number n, for all [u1]p1 , ..., [un]pn in [X
+]ω
such that [ui]pi < [u]p for every i ≤ n, the element [u]p can not be written as a
linear combination of the elements [u1]p1 , ..., [un]pn in D and [u]p is not 0 in D}
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the shortest-middle-lexicographic basis of D with respect to X.
By Definition 3.3, we know that BD depends on the generating set X. However, to make
the notation and formulas simple, we shall still use the notation BD but not BD,X . (No
confusions arise in the sequel.)
Lemma 3.4. Let D be a dialgebra generated by a well-ordered set X. Then the shortest-
middle-lexicographic basis BD of D with respect to X is a linear basis of D. In particular,
let A = AD be the associative algebra associated to D, and let BA be the shortest-middle-
lexicographic basis of A with respect to X. Then BA is a linear basis of A.
Proof. If D = {0}, then BD is an empty set. Now we assume D 6= {0}. To show that BD
is a linear generating set of D, it suffices to show that every [u]p in [X
+]ω lies in the
subspace spank(BD) of D spanned by BD. We use induction on [u]p with respect to the
length-middle-lexicographic ordering in Definition 3.1. The minimal element of X that is
not 0 in D, say a, lies in BD by the definition of BD. Suppose [u]p > a. If [u]p lies in BD
or [u]p = 0 in D, then there is nothing to prove. Otherwise, say [u]p =
∑
1≤i≤n αi[ui]pi
for some elements α1, ..., αn in k and for some monomials [u1]p1 , ..., [un]pn in [X
+]ω such
that [ui]pi < [u]p for every i ≤ n, then by induction hypothesis, we have [u]p ∈ spank(BD).
Finally, by the construction of BD, it is clear that the set BD is linear independent in D. 
Now we show that, every x 6= 0 in D such that x = 0 in AD is a left zero divisor with
respect ⊢ and a right zero divisor with respect to ⊣ in D. To simplify the formulas, we
define ε to be an empty disequence, and for every y in D, we define ε ⊢ y = y ⊣ ε = y.
Lemma 3.5. Let D be a dialgebra and let AD be the associative algebra associated to D.
Then for every x in D such that x = 0 in AD, for every y in D, we have x ⊢ y = y ⊣ x = 0
in D.
Proof. If x = 0 in AD, then we have x =
∑
αj(zj ⊢ (xj ⊢ yj − xj ⊣ yj)) ⊣ z
′
j in D by
Lemma 2.2, where each xj and each yj lie in D, each zj and each z
′
j may be elements of D
or be the empty disequence ε. So for every y in D, by Lemma 2.2 again, we obtain
((zj ⊢ (xj ⊢ yj − xj ⊣ yj)) ⊣ z
′
j) ⊢ y
=((zj ⊢ (xj ⊢ yj)) ⊣ z
′
j) ⊢ y − ((zj ⊢ (xj ⊣ yj)) ⊣ z
′
j) ⊢ y
=((zj ⊢ (xj ⊢ yj)) ⊣ z
′
j) ⊢ y − ((zj ⊢ (xj ⊢ yj)) ⊣ z
′
j) ⊢ y = 0.
Similar to the above reasoning, we obtain y ⊣ x = 0. 
Before going further, we shall observe some more properties on the shortest-middle-
lexicographic basis of a dialgebra. In Lemma 3.6, we shall use the shortest-middle-
lexicographic basis of an associative subalgebra A′ of AD generated by X
′, where X ′ is a
nonempty subset of X. By changing every occurrence of D into A′ and every occurrence
of X into X ′ in (3.1), we shall obtain the corresponding set BA′ .
Lemma 3.6. Let D be a dialgebra generated by a well-ordered set X, and let A = AD
be the associative algebra associated to D. Let D′ be a subalgebra of D generated by
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a subset X ′ of X, and let A′ be a subalgebra of A generated by X ′. Then for every
monomial [a1...at]p in the shortest-middle-lexicographic basis BA′ of A
′ with respect to X ′,
where the letters a1, ..., at lie in X
′, we have p = 1. Moreover, if [a1...at]p lies in the
shortest-middle-lexicographic basis BD′ of D
′ with respect to X ′ and p > 1, then [a1...ap−1]1
lies in BA′ ; if [a1...at]p lies in BD′ and p < t, then [ap+1...at]1 lies in BA′ .
Proof. By the definition of A, for every integer number p such that 1 ≤ p ≤ t, we
have [a1...at]p = [a1...at]1 in A and thus in A
′. So [a1...at]p ∈ BA′ forces p = 1.
For the second claim, we may assume that p > 1 without loss of generality. Suppose
that [a1...ap−1]1 /∈ BA′ .
If [a1...ap−1]1 = 0 in A
′ and thus in A, then by Lemma 3.5, we have
[a1a2 · · · at]p = [a1...ap−1]1 ⊢ [ap...at]1 = 0 in D and hence in D
′,
which contradicts with the fact that [a1...at]p lies in BD′ .
If [a1...ap−1]1 6= 0 in A
′, then we have [a1...ap−1]1 =
∑
1≤i≤n αi[ui]pi in A
′ and thus
in A for some monomials [u1]p1 , ..., [un]pn in [X
′+]ω satisfying [ui]pi < [a1...ap−1]1 for every
integer i ≤ n and for some elements α1, ..., αn in the field k. In particular, by Lemma 3.5
again, we obtain
[a1...at]p−
∑
1≤i≤n
αi[ui]pi ⊢ [apap+1...at]1 = ([a1...ap−1]1−
∑
1≤i≤n
αi[ui]pi) ⊢ [apap+1...at]1 = 0
in D, and thus in D′. Finally, by Lemma 3.2, we obtain [ui]pi ⊢ [apap+1...at]1 < [a1...at]p,
which contradicts with the construction of BD′ . 
Note that the length-middle-lexicographic ordering on [X+]ω plays an important role in
Lemma 3.6. Using another way of constructing linear bases for D and AD simultaneously
may not have the claimed properties in the lemma.
Remark 3.7. With the notations of Lemma 3.6, if X 6= X ′, then A′ is not necessary the
associative algebra associated to D′ in general. For instance, let X = {a, b}, and let D(a, b)
be the free dialgebra generated by X. Then we define D to be the quotient of D(a, b) by
the ideal generated by the set {b = a ⊢ a − a ⊣ a}. It is clear that D is isomorphic to
the free dialgebra generated by {a} and A is isomorphic to the free associative algebra
generated by {a}. Finally, for X ′ = {b}, we deduce that, D′ and the associative algebra
associated to D′ are the linear space spanned by b while A′ is the 0 space.
Let D be a dialgebra generated by a finite well-ordered set X and let BD be the shortest-
middle-lexicographic basis of D with respect to X. For every positive integer n, we define
BnD = {[u]p ∈ BD | ℓ(u) = n}, B
≤n
D = {[u]p ∈ BD | ℓ(u) ≤ n}.
Then we have dim((kX)≤n) = |B≤nD | for every n ≥ 1, where |B
≤n
D | is the cardinality of
the set B≤nD . In particular, by Corollary 2.5, when D is generated by a finite well-ordered
set X, we deduce the following formula for calculating the Gelfand-Kirillov dimension of D:
(3.2) GKdim(D) = lim
n→∞
logn |B
≤n
D |.
8 ZERUI ZHANG∗, YUQUN CHEN♯, AND BING YU†
Now we are ready to prove Theorem A of the introduction.
Theorem 3.8. Let D be a dialgebra and let AD be the associative algebra associated to D.
Then we have
(3.3) GKdim(AD) ≤ GKdim(D) ≤ 2GKdim(AD).
In particular, the inequality GKdim(D) <∞ holds if and only if GKdim(AD) <∞ holds.
Proof. We use the notations of Lemma 3.6. By Definition 2.3, it is easy to see that, for
every homomorphic image D1 of D, we have GKdim(D1) ≤ GKdim(D). In particular, we
obtain GKdim(AD) ≤ GKdim(D).
Now we turn to the inequality GKdim(D) ≤ 2GKdim(AD). For finitely generated
algebras D′ and A′ as in Lemma 3.6, we define |B0A′ | = |B
0
D′ | = 1 for convenience. Then by
Lemma 3.6, for every integer number t ≥ 1, we obtain |BtD′ | ≤
∑
1≤p≤t
|Bp−1A′ ||X
′||Bt−pA′ | and
|B≤nD′ | =
∑
1≤t≤n
|BtD′ | ≤
∑
1≤t≤n
∑
1≤p≤t
|Bp−1A′ ||X
′||Bt−pA′ | = |X
′|
∑
1≤t≤n
∑
i≥0;j≥0;
i+j=t−1
|BiA′ ||B
j
A′ |
=|X ′|
∑
0≤i≤n−1
(|BiA′ |
∑
0≤j≤n−1−i
|BjA′ |) ≤ |X
′|
∑
0≤i≤n−1
(|BiA′ |(|B
≤n−1
A′ |+ |B
0
A′ |))
≤|X ′|(|B≤n−1A′ |+ |B
0
A′ |)
∑
0≤i≤n−1
|BiA′ | ≤ |X
′|(|B≤n−1A′ |+ |B
0
A′ |)
2 ≤ |X ′|(|B≤nA′ |+ 1)
2.
Consequently, we obtain
GKdim(D′) = lim
n→∞
logn |B
≤n
D′ | ≤ limn→∞
logn(|X
′|(|B≤nA′ |+1)
2) = 2GKdim(A′) ≤ 2GKdim(AD).
By Corollary 2.5, we deduce GKdim(D) = supD′ GKdim(D
′) ≤ 2GKdim(AD), where the
supremum is taken over all finitely generated subalgebras D′ of D. 
Corollary 3.9. Let D be a dialgebra. Then GKdim(D) < 1 implies that GKdim(D) = 0.
Proof. Let AD be the associative algebra associated to D. Then GKdim(D) < 1 implies
that GKdim(AD) = 0. So we obtain 0 = GKdim(AD) ≤ GKdim(D) ≤ 2GKdim(AD) = 0. 
Now we construct examples to show that the boundaries in Theorem 3.8 are the best that
one can expect. We shall describe a sufficient condition ensuring GKdim(D) = GKdim(AD)
in Lemma 3.11.
Example 3.10. Let D be the free dialgebra generated by a letter a, and let AD be the
associative algebra associated to D. Then we have GKdim(D) = 2GKdim(AD) = 2.
Proof. Note that BD = {[a1...an]p | a1 =···= an = a, 1 ≤ p ≤ n, and p, n ∈ N}, and AD
is the free commutative algebra generated by a. We have GKdim(D) = 2GKdim(AD) = 2
immediately by Equation (3.2). 
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Lemma 3.11. Let D be a dialgebra generated by a finite well-ordered set X, and let AD be
the associative algebra associated to D. If there exists a positive integer m such that D has
a linear generating set B = {[a1...an]p | a1, ..., an ∈ X, 1 ≤ p ≤ m or 0 ≤ n − p ≤ m − 1,
where p, n lies in N and p ≤ n}. Then we obtain GKdim(D) = GKdim(AD).
Proof. For simplicity, we denote AD by A. Since GKdim(A) ≤ GKdim(D), it suffices to
show GKdim(D) ≤ GKdim(A). Let BA be the shortest-middle-lexicographic basis of A with
respect to X and let B1 be the subset of B defined as follows
B1 = {[a1...an]p ∈ B | [a1...ap−1]1 ∈ BA if p > 1, and [ap+1...an]1 ∈ BA if p < n}.
We claim that B1 is a linear generating set of D. We use induction with respect to the
length-middle-lexicographic ordering on [X+]ω to show that every element [a1...an]p of B
can be written as a linear combination of elements of B1. It is clear that X is a subset of B1.
Without loss of generality, we assume that p > 1 and [a1...ap−1]1 /∈ BA. The following
proof is similar to Lemma 3.6. If [a1...ap−1]1 = 0 in A, then we have [a1...an]p = 0 in D.
If [a1...ap−1]1 6= 0 in A, then we may assume that [a1...ap−1]1 =
∑
1≤i≤n αi[ui]pi in A for
some monomials [u1]p1 , ..., [un]pn in [X
+]ω satisfying [ui]pi < [a1...ap−1]1 for every integer i
such that 1 ≤ i ≤ n and for some elements α1, ..., αn in the field k. By Lemma 3.2, we
obtain [ui]pi ⊢ [apap+1 · · · an]1 < [a1...an]p. Finally, we have
[a1...an]p = [a1...ap−1]1 ⊢ [apap+1..an]1 =
∑
1≤i≤n
αi[ui]pi ⊢ [apap+1 · · · an]1.
Since ℓ(ui) ≤ p − 1 < m, each monomial [ui]pi ⊢ [apap+1 · · · an]1 lies in B. By induction
hypothesis, each monomial [ui]pi ⊢ [apap+1 · · · an]1, and thus [a1...an]p, can be written as a
linear combination of elements of B1.
For every t ≥ 1, define Bt1 = {[a1...at]p ∈ B1 | a1, ..., at ∈ X, p ∈ N}, B
≤t
1 = ∪1≤i≤tB
i
1
and define |B01 | = 1. Then for every t ≥ 1, we have
|Bt1| ≤
∑
1≤p≤m;
p≤t
|Bp−1A ||X||B
t−p
A |+
∑
t−m+1≤p≤t;
p≥1
|Bp−1A ||X||B
t−p
A | = 2
∑
1≤p≤m;
p≤t
|Bp−1A ||X||B
t−p
A |,
and
|B≤n1 | =
∑
1≤t≤n
|Bt1| ≤ 2
∑
1≤t≤n
∑
1≤p≤m;
p≤t
|Bp−1A ||X||B
t−p
A | = 2|X|
∑
1≤t≤n
∑
0≤i≤m−1;j≥0;
i+j=t−1
|BiA||B
j
A|
=2|X|
∑
0≤i≤m−1;
i≤n−1
(|BiA|
∑
0≤j≤n−1−i
|BjA|) ≤ 2|X|
∑
0≤i≤m−1
(|BiA|(|B
≤n−1
A |+ |B
0
A|))
≤2|X|(|B≤n−1A |+ |B
0
A|)
∑
0≤i≤m−1
|BiA| ≤ 2|X|(|B
≤n−1
A |+ |B
0
A|)(|B
≤m−1
A |+ |B
0
A|).
Finally, we obtain
lim
n→∞
logn |B
≤n
1 | ≤ limn→∞
logn(2|X|(|B
≤n−1
A |+ |B
0
A|)(|B
≤m−1
A |+ |B
0
A|)) = lim
n→∞
logn |B
≤n−1
A |.
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By Corollary 2.5, we obtain GKdim(D) ≤ GKdim(A). 
There are many dialgebras satisfying the assumptions of Lemma 3.11. In particular,
certain identities ensure the validity of the assumptions of Lemma 3.11.
Corollary 3.12. Let D be a dialgebra generated by a finite set X, and let AD be the
associative algebra associated to D. If D satisfies one of the identities: (i) x ⊢ y = y ⊢ x
for all x, y ∈ D; (ii) x ⊣ y = y ⊣ x for all x, y ∈ D; (iii) x ⊢ y = y ⊣ x for all x, y ∈ D,
then we have GKdim(D) = GKdim(AD) ≤ |X|, in particular, GKdim(D) is a nonnegative
integer.
Proof. We shall show that, if one of the identities (i)-(iii) holds, then the assumptions of
Lemma 3.11 are valid. Without loss of generality, assume that identity (i) holds in D.
Then for every [a1...at]p in D such that p > 1, we have
[a1...at]p = [a1...ap−1]p−1 ⊢ [ap...at]1 = [ap...at]1 ⊢ [a1...ap−1]p−1 = [ap...ata1...ap−1]t.
In particular, the set B1 = {[a1...an]p | a1, ..., an ∈ X, p = 1 or p = n, n ∈ N} is a linear gen-
erating set of D. By Lemma 3.11, we obtain GKdim(D) = GKdim(AD). Moreover, since AD
is a commutative algebra generated by X, the Gelfand-Kirillov dimension GKdim(AD) is a
nonnegative integer satisfying GKdim(AD) ≤ |X|. 
Recall that a dialgebra (D,⊢,⊣) is commutative [8] if both ⊢ and ⊣ are commutative,
that is, for all x and y in D, we have x ⊢ y = y ⊢ x and x ⊣ y = y ⊣ x.
Corollary 3.13. Let D be a finitely generated commutative dialgebra. Then GKdim(D) is
a nonnegative integer number. In particular, if D is a free commutative dialgebra generated
by n letters, then we have GKdim(D) = n.
Now we shall conclude the paper with our main result (Theorem B of the introduction),
which is based on Bergman’s corresponding result for associative algebras.
Theorem 3.14. No dialgebra has Gelfand-Kirillov dimension strictly between 1 and 2.
Proof. We first assume that D is a dialgebra generated by a finite well-ordered set X
satisfying the inequality GKdim(D) < 2, and we shall show that GKdim(D) = GKdim(AD).
Let BD be the shortest-middle-lexicographic basis of D with respect to X. Then for some
positive integer m, we have |BmD | < m, for otherwise we would have |B
≤n
D | ≥ 1+2+ · · ·+n
for all n and thus GKdim(D) ≥ 2. Define
B = {[a1...at]p | a1, ..., at ∈ X, p, t ∈ N, p ≤ t, 1 ≤ p ≤ m or 0 ≤ t− p ≤ m− 1}.
We shall show that BD is a subset of B and thus by Lemma 3.11 we deduce GKdim(D) =
GKdim(AD).
For every [a1...at]p in BD, if t ≤ 2m, then it is clear that [a1...at]p lies in B. Assume now
that t > 2m and m < p < t−m+ 1, then we deduce p+m− 1 < t and p − (m− 1) > 1.
Therefore, for every integer j such that 0 ≤ j ≤ m− 1, the monomial
[uj ]m−j := [ap+j−(m−1)ap+j−(m−1)+1...ap+j ]m−j
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is a middle submonomial of [a1...at]p, and we have [ui]m−i < [uj ]m−j if i > j. Since |B
m
D | < m,
the set {[uj ]m−j | 0 ≤ j ≤ m − 1} ∪ B
≤m−1
D is linear dependent in D. In other words, for
some integer n such that 0 ≤ n ≤ m− 1, we have
[un]m−n = −
∑
n+1≤j≤m−1
αj [uj ]m−j −
∑
1≤i≤l
βi[wi]qi ,
for some elements αn+1, ..., αm−1, β1, ..., βl in k and for some monomials [w1]q1 , ..., [wl]ql
in [X+]ω such that [wi]qi < [un]m−n for every i ≤ l. Finally, we obtain
(3.4) [a1...at]p = −
∑
n+1≤j≤m−1
αj([a1...ap+n−(m−1)−1]1 ⊢ [uj ]m−j) ⊣ [ap+n+1...at]1
−
∑
1≤i≤l
βi([a1...ap+n−(m−1)−1]1 ⊢ [wi]qi) ⊣ [ap+n+1...at]1.
Since each [v]q on the right hand side of Equation (3.4) satisfies [v]q < [a1...at]p, we obtain a
contradiction with the definition of BD. So we have BD ⊆ B and GKdim(D) = GKdim(AD).
Finally, the inequality 1 ≤ GKdim(D) < 2 forces GKdim(D) = GKdim(AD) = 1.
Assume now that D is not finitely generated. It is clear that for every finitely generated
subalgebra D′ of D, we have GKdim(D′) ≤ GKdim(D) < 2. By the above reasoning, we
deduce GKdim(D′) = 0 or 1. Moreover, by Corollary 2.5, we obtain GKdim(D) ≤ 1. Finally,
the inequality 1 ≤ GKdim(D) < 2 forces GKdim(D) = 1. 
For summary, the set of all the possible Gelfand–Kirillov dimensions of dialgebras
is {0, 1} ∪ [2,∞).
What remains open in view of the previous results is the question of whether the
boundaries of inequation (3.3) are the only possible values of the Gelfand-Kirillov dimension
of a dialgebra, that is, can one show that either GKdim(D) = GKdim(AD) or GKdim(D) =
2GKdim(AD) holds? We have a feeling that this is true, but so far, we have no proof in
this direction.
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